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Answer ALL questions. Write your answers in the spaces provided.

1. (a) Prove that

1 1+
tanh™! (x) = > ln(1 x) —k <x <k
- X

stating the value of the constant £.

(b) Hence, or otherwise, solve the equation

2x = tanh (1n V2 — 3x)

&) Let 3 = 'tank—‘ (x> R
= x = tanh @) = sinh (9

cosh. ()
= &'_¢&°
e’+ e
Y -y y 2'5__ '
X = € —8€ x € = e
eﬂ"" é"j Czj.'_ '

x (e 4l) = -1
xe® . x = e®-\
x e? - 9 & —x-|
e_z:'(x-D:: -—(x-!-l)
ed = | 422
| =<

24 = In < ELY
g = ton' (D = Lin [l

./
Since. Jn () on‘j takes +ve avaumevd:s,/

|42 > © s
|l-x>0 -}—> - &> ¢ | Sk =1
/
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Question 1 continued
b) 25 = tank (n ({2-2x"))

tank' (250 = fn [ (2—3:33
._'_Jln(H?-x) = L (2.- )

2 | =2

@j ec(uaiv'ng avaume_vx'ts of the natuval .logs ;
=> ’ + 2% = 2" 3)6
|—2x
| 25 = bx" =7x + 2
6x7' .—C{x + [ = O

X = ﬂiﬁz—q*éj"
2 %6

X = 1‘.’.‘ 57
12

Sinee -'49&4’,‘
x = =457

ISL/

(Total for Question 1 is 10 marks)
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2. The roots of the equation
X¥-2+4x-5=0
are p, g and r.

Without solving the equation, find the value of

L2 2 2
i —+—+-
p q T

(i) (p —4)(g - (- 4)

(i) pP +¢* + 13

USihg Uieta's Formulae (Frm Rosts of Po(dmm'.lg’ Ckaptg,))
prq +r = - Q—'l_B = 2
P‘{_"‘PV‘-F%V"‘,‘;IL_: 4

=5

& = C“ 5)
pr== LB

(() 2 + g_ + 2 = 2 C p + ad + 1")
P T  per
=2 x4 - 8

GO) (p-®) (-9 (r-4) = (p-) (qr - Yq-4r +16)
= par =Upe —Ypr +|6p —Uor + 16g +|6r —64
= par = 4(pg +pr +qn) *16 (prq+r) — &4
= 5 -4(d +16 - &4

=-43

=
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Question 2 continued
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Question 2 continued

P 6 1 1 7 8 A 0 6 2 8
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Question 2 continued

(Total for Question 2 is 8 marks)
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3.
1

= T

(a) Using a substitution, that should be stated clearly, show that
[ £(x)dx = Asinh' (Bx) + ¢

where c is an arbitrary constant and 4 and B are constants to be found.

(b) Hence find, in exact form in terms of natural logarithms, the mean value of f(x) over

the interval [0, 3].

() Let x =3 sinh (W) = dx= ?3;_ cosh(w) duw

C—

2

l
= =
O T
!

—
—

2 sinhiw 41

l

—
—

2 coshu
S-F(x) dx = g ' x 2 tosha dax
2 coshu 2
=1 Sl Au
2
= L 4+ c
o
2 =3 sinhu &= u-= Sm'\.-‘ _%_:5

8
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Question 3 continued

(1) Mean volue of £ over [0) 3] = _'__gSHxB o

3-0
' 3
= | .7 2x
3 (’5)]
o)

Z'_ [sink" (2 — sinh™ (09

!

2
3
e,
A
)

Using .logariﬂ\m«'c ferm o  sink' frem Tormula book,

orsink. x = sinh

Jn (x + (a1

-g',- Jn (242741 >
LI (9\‘\'@)

3 =

=S I

"

(Total for Question 3 is 6 marks)
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4. The infinite series C and S are defined by

1 1
C =cosf + —cos50 + ZCOS99+ §c05130+
. 1 . 1 . .
S =sinf + —sin50 + Zsm90+ §s1n130+ ..

Given that the series C and S are both convergent,

(a) show that
‘ 2elf
C + IS - 2 _ e4iH
(b) Hence show that
_ 4sin0 + 2sin30

5= 5 —4cos46

() C+iS = cos® + I'-ggsSQ + ' s ©®@ +...
L’.

+i/scn® + ! sinSO + ! sin96 +>
z @

= leoss wisim® + L (co£50 4 isinSO) + | (st 4:50)
2 4
+ e o o

Usihg Eulers Formulo,

c® ‘
e + _

— ei@ + ] + |
-_— e -_—
2. 4 g
This s on  infinite ge_omc'tric Series , woith
Firct termn = oo = e |
Common Valio = v = __'_eth@
2
. -— - () = Q |
C +¢ S = ‘f-r = ' fi—é’{s l:%ee_‘“" (as renvm-&g)
/
10
000 O O A0 A
P 6 1 1 7 8 A 0 1 0 2 8
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Question 4 continued

( lo) Usin (s § Simf\ar technigue as rationalc 2in Suvols,

Mukfcpl Numerstor A enomindkor bj Compluc
conjugate of denominator,

C4+¢S =_ 2e°
2-e°

2-e°
2-e

- LF_CLG _ 26—3’L®
L,_ —22—”‘.0—2&4‘8 +‘

X

I

Heos O + Hsin® —(2es520 + 2£siv(*3@))
b —(Pcos 46 + 2 sinb4O) (2 costho +2isintO)+1

"

heos© + 4@ —2cos3 + sl
Y -2 cosye + 150 — Zeos4® — 2ismYy @ + |

= (Yo - 2cos30) +i (Gem@ + 2sin 30)
S = q‘cos,q'@

S= 1m<C+£S> = q’;ing-!- lsc‘n3®l_
‘l'cosq'@/

(as tequred)

(Total for Question 4 is 8 marks)
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5. An engineer is investigating the motion of a sprung diving board at a swimming pool.
Let E be the position of the end of the diving board when it is at rest in its equilibrium position
and when there is no diver standing on the diving board.
A diver jumps from the diving board.
The vertical displacement, 4 cm, of the end of the diving board above E is modelled by
the differential equation

2
4M + 4% +37h =0
ds? dt

where ¢ seconds is the time after the diver jumps.

(a) Find a general solution of the differential equation.

When ¢ = 0, the end of the diving board is 20 cm below £ and is moving upwards with a
speed of 55cms™.

(b) Find, according to the model, the maximum vertical displacement of the end of the

diving board above E.

(c) Comment on the suitability of the model for large values of .

(a.) Auxi“farj Ectuation: th\" + Ym +3%37 =0

2 —
N T N R L TEY,
2 % ¢
+ 3¢

-
2

= ht) =e <Aco53't + &sm’.}
(0) Initial Comditions : W (D = -20

h (&= 55

Consi&cri'g the genexaﬂ solukron :
hio = ¢° (Acoso +Bsin O) = —20
= A= -20

p 6 11 7 8 A 01 2 2 8
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Question 5 continued
()= —_;_ e_%t(Acos 2t 4+ & Sr'n3‘6>
+ e <-3A sin3t + 3B cos 3‘E>
=-Lh@®+ & L3nsin3t 430 cor 2¢)
MOB-— —‘ (—20 + e (BA sinO + 2B cesO) =
R =45
= =15
" For these initial condihons,
hWit) = é_%t<— 20 cos 3t +15 sin 3‘t>
At I'\t'g)\u'f Poin‘t, boovd s fndanfaneour’j ak rest-
W= -1 S¥(=20 o3t #15 sin 30+ (60 sim3t +4S ¥ =0
2
|Ocos 2t ",& Sindt + EOsin3t +YUS cost =0
2
CS cos 3t + LQ_S: sm3t =0
3

Usin R - 'FO"MUJO.C Yo combine Sine and cosine
imto "o Sr'hgle. Sine -{-u»oh'ou

= stn(@ + 0¢>

W here R =JSSL +<los>? = ZSE‘?
'
L = arctan los/ z> avetan
csS

|
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Question 5 continued

25037 sin [ 2t + avcton [22)\ = O
2 \21/
This  fivst happem when avgumeodr of sin0) s O
2t + arctan _?L_‘:: = O
__22
= 't&V\ 3‘t>——2—'—

3t = ar(_tomézz/zb +RT  n e Z
Since £>50, and RHS s st Posc'{:ive_ ‘Fov n=l,

o.rc'tané- ZZZ—- <+ 7T
+ = ! = 0.7776476225...

3
To find  vevticol dlis‘o’a.cemcn't af  this time,

L\. (0.77547”): éo.5x0.7?76... 1S sin (3 * 0,7776“.) >
=20 cos (3% 0.7776..)

= |6.71576%02...
h= 167 (to o)
The maxtimum  yertical &is‘;lacemeri oF the boord

(:S ‘|6.7 Cm ¥ QNSWEY \S Wwe' as it 15 the disploacement at_:g_uc
E. (wucnis-ve)* Rememper dsplocement 1S o vector .

c> . decaws exponen‘{:iil& with. time and this s
corredt asV the displacemdt of the end should get
Svolher  and tmaller. However W never c{a?: (% -] I

ot O dov Jarge t (Hhe model oseillotes -&ﬁ.\:toﬂ(j).

14
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Question 5 continued

(Total for Question 5 is 12 marks)
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6. In an Argand diagram, the points 4, B and C are the vertices of an equilateral triangle
with its centre at the origin. The point 4 represents the complex number 6 + 2i.

(a) Find the complex numbers represented by the points B and C, giving your answers in
the form x + 1y, where x and y are real and exact.

The points D, E and F are the midpoints of the sides of triangle ABC.

(b) Find the exact area of triangle DEF..

D B,

Ro‘tcdtfr\g the Fo:i'(c’on vecter of A 120" ol
the oreis Maps A b R

Ug:’ng o 20 retation protvie oot the on'ga‘u,
fosition \Jecdlor of B = ( cos (20 — Stn \20‘) (65

Sin 120 cos (20° 2

_ [V~ (6>

2/2 ='/2 2.

P 6 11 7 8 A 0 1 6 2 8
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Question 6 continued

(—3 —J— Re(@

C 23 - |.v. (&)

(-2-33) + (343 -1
—

Position \ector ot € = [cos 240" —sin240° (65
gin 240" cos 240"/ \2Z

-\ I3/, 5
g (—E/z —'/z>( >
3"'r Re (¢)
= (3@—! (\m C¢>
. C = (3+483) + (-3 -D
—
(b A A

D/\p
2 /\/
C B £ C

17
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Question 6 continued

d x OA xOB x gcin £ AOB

Avea. of N AOB = !
1 e 657 x| €Y 427 x sin 120"
2.

10V3

x Areo of D\ AOB

Prea sf DNPBC = 3
= 3042
Avea of O DEF = T‘,._ xx Avea of AABC
= 1 x 303 = 163 um'{'z
v 2
—
— S OO0 0 R
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Question 6 continued

(Total for Question 6 is 9 marks)
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M

2 -1 1
3 k 4 where £ is a constant
3 2 -1

(a) Find the values of k& for which the matrix M has an inverse.

(b) Find, in terms of p, the coordinates of the point where the following planes intersect

2x —y tz=p
3x—-6y +4z=1
3x+2y —z=0

(c) (1) Find the value of g for which the set of simultaneous equations

2% -y +tz=1—"> |
3x-5v+t4z=q——> 2
Xx+2y —z=0—">

can be solved.

(i1) For this value of g, interpret the solution of the set of simultaneous equations
geometrically.

(&3 M hos an inverse & det M 20

When det M =0,
o | q)+]3 Lr/_,_\zk e

2 3 -l 2 2
2(—k-8>+(—3-t1} + (6-3k) =0
-8k -25 =0

k =-8
M hoas on inverse cwhen k # -5

— MR O AT R O
p 6 11 7 8 A 0 2 0 2 8
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Question 7 continued

<b> Exfresxihg the sjstm of e{uai\'om in matrist

form -

(:L -1 {><x> P
3 -6 4 Y =(|>
2 2. -l 2 o

The %3 matrix i jus’t M wth k=-6

(el

M—‘ = ! CT Where C is the matrie of
det M coTactors fov elemendcin A
’—6 4( Rk '-f) )3 —6/ T
2 - 2~ 3 2

| -1 2 | 2 -l
= _Ck.2s 2 - 3 -~ 13 2

T ) B L
T -2 1 2
-+ (E 3
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Question 7 continued

< -2 | 2, P
= Yy =—S'- 16 -S - ]
2 Y -7 - )
-2p +|
= ! 1Sp -5
>\ 24p-7

The planes intereet of <—zgs+! 2p-l zqg;7>
—
()() Sine k=-5 for ths ™, M s s.‘ngnlar ound-
-H\C-tg P\omer will NOT inteect o & Sihglt
Poin .
BUT , the Sjstem con ctill be consiclent . B:j
e‘iMihaiivg Z ol Cow-'?wiv\g:
2 - 4 x| Sx+j=q'-ct—%‘(
2 + 4x3 '5x+3j=c(/ — S

Co np | US of 2quakions 4 and 5)
‘Forw;f\zlJSjS‘l:m ‘o be }ongr}fa\b

5 2 < Y
= CL= 3(""“1}

=2

"

P 6 11 7 8 A 0 2 2 2 8
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 DONOTWRITEINTHISAREA

Could also be

= The 3 P'am.r interrect in & J_iv_\_c___

e

Question 7 continued

( U-) Since the system is consirtent, there must be

intfinct el rv‘\Jam.f Solutions
J N

~. “The % plones form o Sheaf

Z. not ntersect n o Une %

S Nowever the 3 planes are aob multiples of eathother ond
. _are not paralle] with eacnother. This conc\udes that the 3 plones dol

(Total for Question 7 is 11 marks)

J

23

MR O AN AR Turn over »
P 6 11 7 8 A 0 2 3 2 8



PhysicsAndMathsTutor.com

+—236m————» VA
A B B
A D
¢ D % I Y
X
< 2m >
Figure 1 Figure 2

Figure 1 shows the central vertical cross section ABCD of a paddling pool that has a
circular horizontal cross section. Measurements of the diameters of the top and bottom
of the paddling pool have been taken in order to estimate the volume of water that the
paddling pool can contain.

Using these measurements, the curve BD is modelled by the equation
y=In(3.6x — k) I <x<1.18

as shown in Figure 2.

(a) Find the value of k.

(b) Find the depth of the paddling pool according to this model.

The pool is being filled with water from a tap.

(c) Find, in terms of 4, the volume of water in the pool when the pool is filled to a depth
of Am.

Given that the pool is being filled at a constant rate of 15 litres every minute,

(d) find, in cmh™, the rate at which the water level is rising in the pool when the depth of
the water is 0.2 m.

(0) Since BD pasres  threugh (1,0),
0 =hn (3.6 -K)

= 36 -k = £°
=

= |
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Question 8 continued

(D) >t - coordinate of B = 236 - 11g
deptin= 4 (116) = Jn (3.6 x11¢ ~2.6)
= 0.4995.. m
~ 0.50 m (T; 2. sF)
((b 3:}(“(3-6:(— 2.6) = x = c + 2.6
2.6
US!V\g \)o\ume o‘E rcuo{c.&lou ot BD  abet y  oour

Uolume.  of codter = 'rcg ot Aj

(o

= 7 SO (e +26> dy

= 7c g e’ + 5.2 +6.7¢ Aj

7_
o

ez'j +§2e, +6763]

= WK_(_ 92.8_+676k)(e_-+5-2c'+€)]
3.6" \2 z

= ¢ [12°4+ 62 +67h - S.7>
2

2.6
Co\s a4V = _"L(e% + G2 + 6-76)
AW

3.6°
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Question 8 continued

AV R 2 S.'L¢°"+€-‘7é>= 3.639...
Ak h=0.2 361

Bj 'HI\C. c,l«aiv\ ru}L )

dh = Ak Y
at A/ Jt

=->.45L='xgu v 15 L
at h=o.2 éﬁ_’ ot dt \OOO X
dk h=02
= ’ x OOIS x60
3. 531..
- ZSLf' (% Pw I'\Our
—
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Question 8 continued

(Total for Question 8 is 11 marks)

TOTAL FOR PAPER IS 75 MARKS
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